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FIBRATIONS, UNIQUE PATH LIFTING, AND CONTINUOUS
MONODROMY
HANSPETER FISCHER AND JACOB D. GARCIA
Abstract. Given a path-connected space X and H ≤ pi1(X, x0), there is
essentially only one construction of a map pH : (X˜H , x˜0) → (X, x0) with
connected and locally path-connected domain that can possibly have the fol-
lowing two properties: (pH )#pi1(X˜H , x˜0) = H and pH has the unique lifting
property. X˜H consists of equivalence classes of paths starting at x0, appro-
priately topologized, and pH is the endpoint projection. For pH to have these
two properties, T1 fibers are necessary and unique path lifting is sufficient.
However, pH always admits the standard lifts of paths.
We show that pH has unique path lifting if it has continuous (standard)
monodromies toward a T1 fiber over x0. Assuming, in addition, that H is
locally quasinormal (e.g., if H is normal) we show that X is homotopically
path Hausdorff relative to H. We show that pH is a fibration if X is locally
path connected, H is locally quasinormal, and all (standard) monodromies are
continuous.
1. Introduction, Notation, and Terminology
Recent work on generalizations of covering space theory has generated interest
in the relationships between individual properties that are otherwise shared by
classical covering projections. One such generalization focuses on the existence
and properties of maps from connected and locally path-connected spaces to path-
connected spaces that satisfy the unique lifting property (see below). They can serve
as suitable substitutes when classical covering projections are not available, as they
retain much of the classical utility of the original theory (such as automorphisms
being tied to fundamental groups) while sacrificing less critical features [1, 3, 6].
In this article, we explore the connections between the concepts of fibration,
unique path lifting, and continuous monodromy in the context of the standard
covering construction, when applied to a general path-connected space (which may
or may not yield a covering projection, or even a generalized covering projection).
To begin, we lay out some notation and terminology.
General Assumption: Throughout, we let X be a path-connected topological
space with base point x0 ∈ X .
We refer to [10] for definitions and basic properties of covering projections and
fibrations. Every covering projection p : X˜ → X is a (Hurewicz) fibration with
unique path lifting. Indeed, much of the classical development of covering space
theory is based on the fact that if p : X˜ → X is a fibration with unique path lifting,
then we have the following:
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• (Unique Lifting Property) For every x ∈ X and x˜ ∈ X˜ with p(x˜) = x
and for every map f : (Y, y) → (X, x) from a connected and locally path-
connected space Y with f#π1(Y, y) ≤ p#π1(X˜, x˜), there is a unique map
g : Y → X˜ with g(y) = x˜ and p ◦ g = f .
• (Monodromy) For every path β : [0, 1] → X from β(0) = x to β(1) = y,
there is a continuous monodromy φβ : p
−1(x) → p−1(y), defined by
φβ(x˜) = g(1), where g : [0, 1] → X˜ is the unique path with g(0) = x˜
and p ◦ g = β; moreover, φβ depends only on the homotopy class of β.
A map p : X˜ → X from a nonempty, connected, and locally path-connected space
X˜ is called a generalized covering projection if it satisfies the unique lifting property.
Observe that a generalized covering projection p : (X˜, x˜0) → (X, x0) is uniquely
characterized, up to equivalence, by the conjugacy class of the monomorphic image
H = p#π1(X˜, x˜0) in G = π1(X, x0) and we have Aut(X˜
p
→ X) ≈ NG(H)/H .
If X is locally path connected, then a generalized covering projection p : X˜ → X
is necessarily an open map, but it might not be a local homeomorphism, might not
be a fibration and, while the fibers must be T1 (see Remark 2.1), there might be
non-homeomorphic fibers. (See [6].) For example, there is a generalized covering
projection p : H˜ → H over the Hawaiian Earring H with simply connected H˜,
which is not a fibration, since not all monodromies are continuous; in fact, it has
exactly one exceptional non-discrete fiber. There also exist generalized covering
projections over H that are local homeomorphisms (with necessarily discrete fibers)
but have other unexpected properties, such as H not containing any nontrivial
normal subgroup of G. (See [7].)
As is shown in [1], given a subgroup H ≤ π1(X, x0), there is (up to equivalence)
only one construction of a map pH : (X˜H , x˜0) → (X, x0) that can possibly yield a
generalized covering projection with (pH)#π1(X˜H , x˜0) = H , namely the standard
one:
On the set of all based paths α : ([0, 1], 0) → (X, x0), consider the equivalence
relation α ∼ β if and only if α(1) = β(1) and [α · β−] ∈ H , where β−(t) = β(1− t).
Denote the equivalence class of α by 〈α〉 and let X˜H denote the set of all equivalence
classes. We endow X˜H with the topology generated by basis elements of the form
〈α,U〉 = {〈α · γ〉 | γ : ([0, 1], 0) → (U, α(1))}, where U is an open subset of X and
〈α〉 ∈ X˜H with α(1) ∈ U . Here, α · γ denotes the usual concatenation of the paths
α and γ. One observes that X˜H is connected and locally path connected and that
the endpoint projection pH : X˜H → X , defined by pH(〈α〉) = α(1), is continuous.
If pH : X˜H → X has unique path lifting, then it is a generalized covering
projection and (pH)#π1(X˜H , x˜0) = H , where x˜0 is the equivalence class represented
by the constant path.
Even if pH : X˜H → X does not have unique path lifting, the standard (continu-
ous) lifts always exist when permitted by the π1-functor. For example, the standard
lift of a path β : [0, 1] → X at 〈α〉 ∈ p−1H (β(0)) is given by g(t) = 〈α · βt〉, where
βt(s) = β(ts).
We may use the standard path lift to define the standard monodromy: For a
path β : [0, 1] → X from β(0) = x to β(1) = y, we define φβ : p
−1
H (x) → p
−1
H (y)
by φβ(〈α〉) = 〈α · β〉. While φβ is clearly a bijection (with inverse φ
−1
β = φβ−), it
might or might not be a continuous function.
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This raises the following questions.
Questions. Suppose pH : X˜H → X has T1 fibers and its standard monodromies
are continuous. Does pH have unique path lifting? Is pH a fibration?
In §2, we show that pH : X˜H → X has unique path lifting if it has T1 fibers
and the standard monodromy φβ is continuous for all β with β(1) = x0. In §3,
we show that pH : X˜H → X is a fibration if X is locally path connected, H is
locally quasinormal, and all monodromies are continuous. (See Definition 3.1 for
the concept of local quasinormality. For now, we mention two examples: if H is
normal or if pH : X˜H → X has discrete fibers, then H is locally quasinormal.)
We also show, in §4, that X is homotopically path Hausdorff relative to H (see
Definition 4.1) if H is locally quasinormal at the constant path (e.g., if H is locally
quasinormal), pH : X˜H → X has T1 fibers and the standard monodromy φβ is
continuous for all β with β(1) = x0.
The concept of pH : X˜H → X having continuous monodromies can equivalently
be described in terms of small loop transfer (SLT) in X relative to H , as developed
in [4] and [9] (see Definition 5.1 and Lemmas 5.2–5.4). Using this alternate concept,
it is shown in [9, Theorem 2.5] that X is homotopically path Hausdorff relative to H
if H E π1(X, x0) is a normal subgroup, X is homotopically Hausdorff relative to H
(see Remark 2.1), and X is an H-SLT space at x0. In §5, we examine how our
results generalize and extend Theorem 2.5 of [9].
2. Continuous monodromy and unique path lifting
Remark 2.1. If pH : X˜H → X has unique path lifting, then for every x ∈ X , the
fiber p−1H (x) is T1. The short proof of this fact can be found in [6, Proposition 6.4],
where X is called homotopically Hausdorff relative to H if every fiber of pH is T1.
In this section, we prove the following implication.
Theorem 2.2. Let H ≤ π1(X, x0). Suppose that p
−1
H (x0) is T1 and that for every
x ∈ X and for every path β : [0, 1]→ X from β(0) = x to β(1) = x0, the monodromy
φβ : p
−1
H (x)→ p
−1
H (x0) is continuous. Then pH : X˜H → X has unique path lifting.
We begin with a straightforward fact, whose proof we include for completeness:
Lemma 2.3. Let H ≤ π1(X, x0) and x ∈ X. The fiber p
−1
H (x) is T1 if and only if
all of its quasicomponents are one-point sets.
Proof. Observe that if 〈β〉 ∈ 〈α,U〉, then 〈β, U〉 = 〈α,U〉. Therefore, two basis
elements of X˜H of the form 〈α,U〉 and 〈β, U〉 are either disjoint or equal. Now
assume that p−1H (x) is T1 and let 〈α〉 and 〈β〉 be two distinct elements of p
−1
H (x).
Then there is an open neighborhood U of x in X such that 〈β〉 6∈ 〈α,U〉 ∩ p−1H (x).
PutW1 = 〈α,U〉∩p
−1
H (x) andW2 =
⋃
{〈γ, U〉∩p−1H (x) | 〈γ〉 ∈ p
−1
H (x), 〈γ〉 6∈ 〈α,U〉}.
ThenW1 andW2 are open subsets of p
−1
H (x) with 〈α〉 ∈W1, 〈β〉 ∈ W2,W1∩W2 = ∅
and W1 ∪W2 = p
−1
H (x). The converse is trivial. 
Proposition 2.4. Let H ≤ π1(X, x0) and let f, g : [0, 1] → X˜H be two lifts of a
path β : [0, 1]→ X with pH ◦ f = β = pH ◦ g and f(0) = g(0).
For each t ∈ [0, 1], choose a path αt : ([0, 1], 0) → (X, x0) so that f(t) = 〈αt〉
and assume that g is the standard lift with g(t) = 〈α0 · βt〉, where βt(s) = β(ts).
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If the monodromy φβ−t
: p−1H (β(t)) → p
−1
H (β(0)) is continuous for every t ∈ [0, 1],
then the function h : [0, 1]→ p−1H (β(0)), given by h(t) =
〈
αt · β
−
t
〉
, is continuous.
Proof. Let t ∈ [0, 1]. Put γ = αt ·β
−
t . Then h(t) = 〈γ〉. Let U be an open neighbor-
hood of γ(1) = β(0) in X . By continuity of φβ−t
, there is an open neighborhood V
of αt(1) = β(t) in X such that φβ−t
(〈αt, V 〉∩p
−1
H (β(t)) ⊆ 〈γ, U〉. By continuity of β
and f , there is an interval I, open in [0, 1], with t ∈ I such that β(I) ⊆ V and f(I) ⊆
〈αt, V 〉. Let s ∈ I. Then f(s) = 〈αs〉 = 〈αt · δ1〉 for some δ1 : [0, 1]→ V . Moreover,
g(s) = 〈α0 · βs〉 = 〈α0 · βt · δ2〉, where [βs] = [βt · δ2] with δ2 : [0, 1] → β(I) ⊆ V .
Hence, h(s) = 〈αs · β−s 〉 =
〈
αt · δ1 · δ
−
2 · β
−
t
〉
= φβ−t
(
〈
αt · δ1 · δ
−
2
〉
) ∈ 〈γ, U〉. 
Corollary 2.5. Let H ≤ π1(X, x0) and let β : [0, 1]→ X be a path. Suppose that
(i) φβ−t
: p−1H (β(t))→ p
−1
H (β(0)) is continuous for all t ∈ [0, 1]; and
(ii) p−1H (β(0)) is T1.
Then p−1H (β(t)) is T1 for all t ∈ [0, 1] and β has unique lifts: if f, g : [0, 1] → X˜H
are two paths with pH ◦ f = β = pH ◦ g and f(0) = g(0), then f = g.
Proof. The first assertion follows from the fact that the monodromy φβ−t
is a con-
tinuous bijection. As for the unique lifting of β, we may assume that f, g, αt and βt
are as in Proposition 2.4, so that h : [0, 1]→ p−1H (β(0)), given by h(t) =
〈
αt · β
−
t
〉
, is
continuous. Since p−1H (β(0)) is T1, Lemma 2.3 implies that h is constant. Hence, for
all t ∈ [0, 1], 〈α0〉 =
〈
α0 · β
−
0
〉
=
〈
αt · β
−
t
〉
and f(t) = 〈αt〉 = 〈α0 · βt〉 = g(t). 
Proof of Theorem 2.2. In order to prove unique path lifting, we may restrict our
attention to paths β : [0, 1]→ X with β(0) = x0. Apply Corollary 2.5. 
3. Locally quasinormal subgroups and fibrations
For a path α : ([0, 1], 0) → (X, x0) and an open neighborhood U of α(1) in X ,
we define the subgroup
π(α,U) = {[α · δ · α−] | δ : ([0, 1], {0, 1})→ (U, α(1))} ≤ π1(X, x0).
Definition 3.1. We call a subgroup H ≤ π1(X, x0) locally quasinormal if for every
x ∈ X , for every path α : [0, 1] → X from α(0) = x0 to α(1) = x, and for every
open neighborhood U of x in X , there is an open neighborhood V of x in X with
x ∈ V ⊆ U such that Hπ(α, V ) = π(α, V )H .
Remark. Recall from elementary group theory that for subgroups H,K ≤ G, one
has HK = KH ⇔ HK ⊆ KH ⇔ HK ⊇ KH ⇔ HK ≤ G and that one calls H
quasinormal if HK = KH for every K ≤ G.
A subgroup H ≤ π1(X, x0) is normal if and only if φβ : p
−1
H (α(1)) → p
−1
H (α(1))
is the identity function whenever φβ(〈α〉) = 〈α〉. Local quasinormality, on the
other hand, can be understood as a uniform local stability condition for the set of
monodromies that fix a given point:
Lemma 3.2. Let H ≤ π1(X, x0), let α : [0, 1] → X be a path from α(0) = x0 to
α(1) = x, and let U be an open neighborhood of x in X. Then Hπ(α,U) = π(α,U)H
if and only if for every monodromy φβ : p
−1
H (x) → p
−1
H (x) with φβ(〈α〉) = 〈α〉, we
have φβ(〈α,U〉 ∩ p
−1
H (x)) = 〈α,U〉 ∩ p
−1
H (x).
We include the straightforward proof for completeness:
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Proof. (a) Suppose Hπ(α,U) ⊇ π(α,U)H and φβ(〈α〉) = 〈α〉. It suffices to show
that φβ(〈α,U〉 ∩ p
−1
H (x)) ⊆ 〈α,U〉 ∩ p
−1
H (x), since φβ− = φ
−1
β . Let 〈η〉 ∈ 〈α,U〉 ∩
p−1H (x). Then 〈η〉 = 〈α · δ〉 for some loop δ : [0, 1] → U with δ(0) = δ(1) = x. We
have [α·δ ·α−][α·β ·α−] ∈ π(α,U)H ⊆ Hπ(α,U). Hence, [α·δ ·β ·α−] = [γ][α· δ̂ ·α−]
for some [γ] ∈ H and some loop δ̂ : [0, 1] → U with δ̂(0) = δ̂(1) = x. Therefore,
[α · δ · β · δ̂− · α−] ∈ H and φβ(〈η〉) = 〈α · δ · β〉 =
〈
α · δ̂
〉
∈ 〈α,U〉 ∩ p−1H (x).
(b) Suppose φβ(〈α,U〉 ∩ p
−1
H (x)) ⊆ 〈α,U〉 ∩ p
−1
H (x) whenever φβ(〈α〉) = 〈α〉. We
show that Hπ(α,U) ⊇ π(α,U)H . Let [τ ] ∈ π(α,U)H . Then [τ ] = [α · δ ·α− · γ] for
some loop δ : [0, 1]→ U with δ(0) = δ(1) = x and some [γ] ∈ H . Put β = α− ·γ ·α.
Then φβ(〈α〉) = 〈α〉 and 〈α · δ〉 ∈ 〈α,U〉∩ p
−1
H (x), so that 〈α · δ · β〉 = φβ(〈α · δ〉) ∈
〈α,U〉 ∩ p−1H (x). Hence, 〈α · δ · β〉 =
〈
α · δ̂
〉
for some loop δ̂ : [0, 1] → U with
δ̂(0) = δ̂(1) = x, so that [τ ] = [α·δ·β·α−] = [α·δ·β·δ̂−·α−][α·δ̂·α−] ∈ Hπ(α,U). 
We note two important instances of local quasinormality:
Lemma 3.3. If H E π1(X, x0) is a normal subgroup or if pH : X˜H → X has
discrete fibers, then H is a locally quasinormal subgroup of π1(X, x0).
Proof. This follows from Definition 3.1 and Lemma 3.2, respectively. 
In this section, we prove the following implication.
Theorem 3.4. Let X be locally path connected. Suppose that H ≤ π1(X, x0) is
locally quasinormal and that for every x, y ∈ X and for every path β : [0, 1] → X
from β(0) = x to β(1) = y, the monodromy φβ : p
−1
H (x) → p
−1
H (y) is continuous.
Then pH : X˜H → X is a fibration.
Proof. Let Y be any topological space and let f˜ : Y → X˜H and F : Y × [0, 1]→ X
be continuous maps such that pH ◦ f˜(y) = F (y, 0) for every y ∈ Y .
We define a function F˜ : Y × [0, 1] → X˜H as follows. For each y ∈ Y , choose a
path αy : ([0, 1], 0) → (X, x0) such that f˜(y) = 〈αy〉. For y ∈ Y and t1, t2 ∈ [0, 1]
let βy,t1,t2 : [0, 1] → X be the path defined by βy,t1,t2(s) = F (y, t1 + s(t2 − t1)).
For t ∈ [0, 1], put βy,t = βy,0,t. Since αy(1) = pH ◦ f˜(y) = F (y, 0) = βy,t(0), we
may define F˜ (y, t) = 〈αy · βy,t〉. Then F˜ (y, 0) = 〈αy〉 = f˜(y) for every y ∈ Y and
pH ◦ F˜ (y, t) = βy,t(1) = F (y, t) for every (y, t) ∈ Y × [0, 1]. It remains to show that
F˜ is continuous.
Let (y0, t0) ∈ Y × [0, 1]. For simplicity, put α = αy0 , βt1,t2 = βy0,t1,t2 , βt = βy0,t
and β = βy0,1. Then F˜ (y0, t0) = 〈α · βt0〉. Let U be an open neighborhood of
βt0(1) = F (y0, t0) = β(t0) in X . We wish to find open subsets M ⊆ Y and
I ⊆ [0, 1] with (y0, t0) ∈ M × I such that F˜ (M × I) ⊆ 〈α · βt0 , U〉. For this, since
H is locally quasinormal, we may assume that Hπ(α · βt0 , U) = π(α · βt0 , U)H .
For each t ∈ [0, t0], the monodromy φβt,t0 : p
−1
H (β(t))→ p
−1
H (β(t0)) is continuous,
so that there is an open neighborhood Ut of β(t) in X such that
(3.1) φβt,t0 (〈α · βt, Ut〉 ∩ p
−1
H (β(t))) ⊆ 〈α · βt0 , U〉 ∩ p
−1
H (β(t0)).
We may assume that Ut0 = U . For each t ∈ [0, t0], choose an interval Wt, open in
[0, t0], with t ∈ Wt ⊆ cl(Wt) ⊆ β−1(Ut). Say, cl(Wt0) = [w0, t0]. Since [0, w0] is
compact, there is a finite subdivision 0 = s0 < s1 < · · · < sn−1 = w0 such that for
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each 1 ≤ i ≤ n− 1, there is a ti ∈ [0, w0] with [si−1, si] ⊆ Wti . For 1 ≤ i ≤ n− 1,
put Ui = Uti . By (3.1) and Lemma 3.5, for 1 ≤ i ≤ n− 1, we have
(3.2) φβsi,t0 (〈α · βsi , Ui〉 ∩ p
−1
H (β(si))) ⊆ 〈α · βt0 , U〉 ∩ p
−1
H (β(t0)).
Put sn = t0 and Un = U .
Now, β([si−1, si]) ⊆ Ui for 1 ≤ i ≤ n. For each 1 ≤ i ≤ n − 1, choose a
path-connected open subset Vi of X such that β(si) ∈ Vi ⊆ Ui ∩ Ui+1.
As in the Tube Lemma [8, Lemma 26.8], for every 1 ≤ i ≤ n, there is an open
subsetNi ⊆ Y with y0 ∈ Ni and an interval Ii, open in [0, 1], with [si−1, si] ⊆ Ii such
that F (Ni × Ii) ⊆ Ui. For each 1 ≤ i ≤ n− 1, choose an open subset Mi ⊆ Y with
y0 ∈Mi and an interval Ji, open in [0, 1], with si ∈ Ji such that F (Mi × Ji) ⊆ Vi.
Since f˜(y0) = 〈α〉 and α(1) ∈ U1, and since f˜ is continuous, there is an open subset
M0 ⊆ Y with y0 ∈ M0 and f˜(M0) ⊆ 〈α,U1〉. Put M =
(⋂n
i=1Ni
)
∩
(⋂n−1
i=0 Mi
)
and choose I to be an interval, open in [0, 1], with sn ∈ I ⊆ (sn−1, 1] ∩ In.
Let (y, t) ∈M × I. For notational convenience, put γt = βy,t, put λi = βy,si−1,si
for 1 ≤ i ≤ n − 1, and put λn = βy,sn−1,t. Then γt = λ1 · λ2 · · · · · λn with
λi([0, 1]) ⊆ Ui for 1 ≤ i ≤ n and λi(1) ∈ Vi for 1 ≤ i ≤ n − 1. Similarly, put
δi = βsi−1,si for 1 ≤ i ≤ n, so that βt0 = δ1 · δ2 · · · · · δn with δi([0, 1]) ⊆ Ui for
1 ≤ i ≤ n and δi(1) ∈ Vi for 1 ≤ i ≤ n− 1. For each 1 ≤ i ≤ n− 1, choose a path
ηi : [0, 1]→ Vi ⊆ Ui ∩ Ui+1 from ηi(0) = δi(1) to ηi(1) = λi(1).
Since f˜(y) ∈ 〈α,U1〉, there is a path η0 : ([0, 1], 0) → (U1, α(1)) such that
〈αy〉 = f˜(y) = 〈α · η0〉. Hence, F˜ (y, t) = 〈αy · βy,t〉 = 〈α · η0 · λ1 · λ2 · · · · · λn〉. We
wish to show that F˜ (y, t) ∈ 〈α · βt0 , U〉 = 〈α · δ1 · δ2 · · · · · δn, U〉. That is, we wish
to find a path ǫ : ([0, 1], 0)→ (U, β(t0)) and an element h ∈ H such that
(3.3) [α · η0 · λ1 · λ2 · · · · · λn] = h[α · δ1 · δ2 · · · · · δn · ǫ].
Note that
〈
α · δ1 · δ
−
1 · η0 · λ1 · η
−
1
〉
∈ 〈α · βs1 , U1〉∩p
−1
H (β(s1)). By (3.2), we have〈
α · δ1 · δ
−
1 · η0 · λ1 · η
−
1 · δ2 · δ3 · · · · · δn
〉
= φδ2·δ3·····δn(
〈
α · δ1 · δ
−
1 · η0 · λ1 · η
−
1
〉
) =
〈α · βt0 · ǫ1〉 for some loop ǫ1 : [0, 1] → U with ǫ1(0) = ǫ1(1) = β(t0). Hence, we
have [α · η0 · λ1 · η
−
1 · δ2 · δ3 · · · · · δn] = h1[α · βt0 · ǫ1] for some h1 ∈ H . Put
a1 = [α · βt0 · ǫ1 · β
−
t0
·α−] ∈ π(α · βt0 , U). Then [α · η0 · λ1] = h1a1[α · δ1 · η1] so that
[α · η0 · λ1 · λ2 · · · · · λn] = h1a1[α · δ1 · η1 · λ2 · λ3 · · · · · λn].
Similarly,
〈
α · δ1 · δ2 · δ
−
2 · η1 · λ2 · η
−
2
〉
∈ 〈α · βs2 , U2〉 ∩ p
−1
H (β(s2)). By (3.2),〈
α · δ1 · δ2 · δ
−
2 · η1 · λ2 · η
−
2 · δ3 · · · · · δn
〉
= φδ3·····δn(
〈
α · δ1 · δ2 · δ
−
2 · η1 · λ2 · η
−
2
〉
) =
〈α · βt0 · ǫ2〉 for some loop ǫ2 : [0, 1] → U with ǫ2(0) = ǫ2(1) = β(t0). Hence,
[α · δ1 · η1 · λ2 · η
−
2 · δ3 · · · · · δn] = h2[α · βt0 · ǫ2] for some h2 ∈ H . Put a2 =
[α ·βt0 · ǫ2 ·β
−
t0
·α−] ∈ π(α ·βt0 , U). Then [α · δ1 ·η1 ·λ2] = h2a2[α · δ1 · δ2 ·η2] so that
[α · η0 · λ1 · λ2 · · · · · λn] = h1a1h2a2[α · δ1 · δ2 · η2 · λ3 · λ4 · · · · · λn].
Inductively, we find h1, h2, . . . , hn−1 ∈ H and loops ǫ1, ǫ2, . . . , ǫn−1 : [0, 1] → U
with ǫi(0) = ǫi(1) = β(t0) so that
[α · η0 · λ1 · λ2 · · · · · λn] = h1a1h2a2 · · ·hn−1an−1[α · δ1 · δ2 · · · · · δn−1 · ηn−1 · λn]
with ai = [α · βt0 · ǫi · β
−
t0
· α−] ∈ π(α · βt0 , U).
Since π(α ·βt0 , U)H = Hπ(α ·βt0 , U), there is an h ∈ H and a loop ǫ0 : [0, 1]→ U
with ǫ0(0) = ǫ0(1) = β(t0) such that h1a1h2a2 · · ·hn−1an−1 = ha, where a =
[α · βt0 · ǫ0 · β
−
t0
· α−] ∈ π(α · βt0 , U). Put ǫ = ǫ0 · δ
−
n · ηn−1 · λn. Then the path
ǫ : ([0, 1], 0)→ (U, β(t0)) and the element h ∈ H satisfy (3.3). 
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Lemma 3.5. Let H ≤ π1(X, x0) and 〈α · β · γ〉 ∈ X˜H . Let U, V ⊆ X be open
subsets with β([0, 1]) ⊆ V and γ(1) ∈ U . If φβ·γ(〈α, V 〉∩p
−1
H (β(0))) ⊆ 〈α · β · γ, U〉,
then φγ(〈α · β, V 〉 ∩ p
−1
H (γ(0))) ⊆ 〈α · β · γ, U〉.
Proof. Let 〈η〉 ∈ 〈α · β, V 〉 ∩ p−1H (γ(0)). Then 〈η〉 = 〈α · β · δ〉 for some loop δ in V .
So, φγ(〈η〉) = φβ·γ(〈α · β · δ · β−〉) ∈ 〈α · β · γ, U〉. 
4. The homotopically path Hausdorff property
Definition 4.1. We call X homotopically path Hausdorff relative to a subgroup
H ≤ π1(X, x0) if for every two paths α, β : ([0, 1], 0) → (X, x0) with α(1) = β(1)
and [α · β−] 6∈ H , there is a partition 0 = t0 < t1 < · · · < tn = 1 of [0, 1] and
open subsets U1, U2, . . . , Un of X with α([ti−1, ti]) ⊆ Ui for all 1 ≤ i ≤ n and such
that if γ : [0, 1] → X is any path with γ([ti−1, ti]) ⊆ Ui for all 1 ≤ i ≤ n and with
γ(ti) = α(ti) for all 0 ≤ i ≤ n, then [γ · β
−] 6∈ H .
Remark. If X is homotopically path Hausdorff relative to H ≤ π1(X, x0), then
pH : X˜H → X has unique path lifting [2, 5]. The converse does not hold in general.
The exact difference between these two notions is discussed in [3].
Definition 4.2. We call a subgroup H ≤ π1(X, x0) locally quasinormal at the
constant path if for every open neighborhood U of x0 in X , there is an open neigh-
borhood V of x0 in X with x0 ∈ V ⊆ U such that Hπ(c, V ) = π(c, V )H , where
c : [0, 1]→ {x0} denotes the constant path at x0.
Remark. If H ≤ π1(X, x0) is locally quasinormal, then H is locally quasinormal at
the constant path.
In this section, we prove the following implication.
Theorem 4.3. Let H ≤ π1(X, x0) be locally quasinormal at the constant path.
Suppose that p−1H (x0) is T1 and that for every x ∈ X and every path β : [0, 1]→ X
from β(0) = x to β(1) = x0, the monodromy φβ : p
−1
H (x) → p
−1
H (x0) is continuous.
Then X is homotopically path Hausdorff relative to H.
Proof. Let α, β : ([0, 1], 0)→ (X, x0) be two paths with α(1) = β(1) and [α · β−] 6∈
H . Let c : [0, 1]→ {x0} denote the constant path at x0. Then 〈c〉 and 〈β · α−〉 are
distinct elements of the fiber p−1H (x0). Hence, there is an open neighborhood U of
x0 in X such that 〈β · α−〉 6∈ 〈c, U〉 ∩ p
−1
H (x0). We may assume that Hπ(c, U) =
π(c, U)H . Put αt(s) = α(ts).
For every t ∈ [0, 1], the monodromy φα−t
: p−1H (α(t)) → p
−1
H (x0) is continuous.
Hence, for each t ∈ [0, 1], there is an open subset Vt ⊆ X with α(t) ∈ Vt such that
φα−t
(〈αt, Vt〉 ∩ p
−1
H (α(t))) ⊆ 〈c, U〉 ∩ p
−1
H (x0).
As in the proof of Theorem 3.4, we find a subdivision 0 = t0 < t1 < · · · < tn = 1
and open subsets V0, V1, . . . , Vn−1 ⊆ X such that, for every 0 ≤ i ≤ n− 1, we have
α([ti, ti+1]) ⊆ Vi and
φα−ti
(〈αti , Vi〉 ∩ p
−1
H (α(ti))) ⊆ 〈c, U〉 ∩ p
−1
H (x0),
where V0 = U .
Now, let γ : [0, 1]→ X be any path such that γ([ti, ti+1]) ⊆ Vi for 0 ≤ i ≤ n− 1
and γ(ti) = α(ti) for 0 ≤ i ≤ n. We wish to show that [γ · β
−] 6∈ H .
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For 1 ≤ i ≤ n, define paths δi, λi : [0, 1] → X by δi(s) = α(ti−i + s(ti − ti−1))
and λi(s) = γ(ti−i+ s(ti− ti−1)). Then αti = δ1 · δ2 · · · · · δi and γ = λ1 ·λ2 · · · · ·λn.
Since
〈
δ1 · λ2 · δ
−
2
〉
∈ 〈δ1, V1〉 ∩ p
−1
H (α(t1)), we have〈
δ1 · λ2 · δ
−
2 · δ
−
1
〉
= φδ−
1
(
〈
δ1 · λ2 · δ
−
2
〉
) ∈ 〈c, U〉 ∩ p−1H (x0).
Then
〈
δ1 · λ2 · δ
−
2 · δ
−
1
〉
= 〈ǫ1〉 for some loop ǫ1 : [0, 1]→ U with ǫ1(0) = ǫ1(1) = x0.
Hence, [δ1 · λ2 · δ
−
2 · δ
−
1 ] = h1[ǫ1] for some h1 ∈ H .
Since
〈
δ1 · δ2 · λ3 · δ
−
3
〉
∈ 〈δ1 · δ2, V2〉 ∩ p
−1
H (α(t2)), we have〈
δ1 · δ2 · λ3 · δ
−
3 · δ
−
2 · δ
−
1
〉
= φδ−
2
·δ
−
1
(
〈
δ1 · δ2 · λ3 · δ
−
3
〉
) ∈ 〈c, U〉 ∩ p−1H (x0).
Consequently, [δ1 · δ2 · λ3 · δ
−
3 · δ
−
2 · δ
−
1 ] = h2[ǫ2] for some h2 ∈ H and some loop
ǫ2 : [0, 1]→ U with ǫ2(0) = ǫ2(1) = x0. Similarly, for every 1 ≤ i ≤ n− 1, there is
an hi ∈ H and a loop ǫi : [0, 1]→ U with ǫi(0) = ǫi(1) = x0 such that
[δ1 · · · · · δi · λi+1 · δ
−
i+1 · δ
−
i · · · · · δ
−
1 ] = hi[ǫi].
We also put ǫ0 = λ1 · δ
−
1 . Then [ǫi] ∈ π(c, U) for all 0 ≤ i ≤ n− 1 and
[γ · α−] = [ǫ0]h1[ǫ1]h2 · · · [ǫn−1]hn−1[ǫn−1].
Since π(c, U)H = Hπ(c, U), there is an h ∈ H and a loop ǫ : [0, 1] → U with
ǫ(0) = ǫ(1) = x0 such that [γ · α−] = h[ǫ]. Hence, 〈γ · α−〉 = 〈ǫ〉 ∈ 〈c, U〉 ∩ p
−1
H (x0),
so that 〈γ · α−〉 6= 〈β · α−〉. Consequently, [γ · β−] 6∈ H .

5. Continuous monodromy versus small loop transfer
We now examine how our results relate to Theorem 2.5 of [9], which is stated in
terms of small loop transfer, rather than continuous monodromy. The authors of
[9] introduced the following relative version of small loop transfer (SLT) that had
previously been defined in [4] for H = {1}.
Definition 5.1. Let H ≤ π1(X, x0). We call X an H-SLT space at x0 if for
every path α : ([0, 1], 0) → (X, x0) and for every open neighborhood U of x0
in X , there is an open neighborhood V of α(1) in X such that for every loop
β : ([0, 1], {0, 1}) → (V, α(1)), there is a loop γ : ([0, 1], {0, 1}) → (U, x0) with
[α · β · α− · γ] ∈ H . We call X an H-SLT space if for every x ∈ X and for every
path δ : [0, 1]→ X from δ(0) = x0 to δ(1) = x, X is a [δ
−]H [δ]-SLT space at x.
Remark. For locally path-connected X and normal H E π1(X, x0), we have that
X is an H-SLT space if and only if for every δ : ([0, 1], 0)→ (X, x0), the topology
of X˜[δ−]H[δ] agrees with the quotient topology of the path space in the compact-
open-topology. (See [4] and [9].)
A proof of the following relationship can be found in [9, Proposition 2.13]:
Lemma 5.2. Let H ≤ π1(X, x0). Then the following are equivalent:
(i) For every x, y ∈ X and every path β : [0, 1]→ X from β(0) = x to β(1) = y,
the monodromy φβ : p
−1
H (x)→ p
−1
H (y) is continuous.
(ii) X is an H-SLT space.
In fact, the same proof yields:
Lemma 5.3. Let H ≤ π1(X, x0). Then the following are equivalent:
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(i) For every x ∈ X and every path β : [0, 1]→ X from β(0) = x to β(1) = x0,
the monodromy φβ : p
−1
H (x)→ p
−1
H (x0) is continuous.
(ii) For every δ : ([0, 1], {0, 1})→ (X, x0), X is a [δ−]H [δ]-SLT space at x0.
Lemma 5.4. For a normal subgroup H E π1(X, x0), the following are equivalent:
(i) For every x ∈ X and every path β : [0, 1]→ X from β(0) = x to β(1) = x0,
the monodromy φβ : p
−1
H (x)→ p
−1
H (x0) is continuous.
(ii) X is an H-SLT space at x0.
Therefore, we may state one of the main results of [9] as follows:
Theorem 5.5 (Theorem 2.5 of [9]). Let H E π1(X, x0) be a normal subgroup.
Suppose that p−1(x) is T1 for every x ∈ X and that for every x ∈ X and every path
β : [0, 1]→ X from β(0) = x to β(1) = x0, the monodromy φβ : p
−1
H (x) → p
−1
H (x0)
is continuous. Then X is homotopically path Hausdorff relative to H.
We note that both Theorem 2.2 and Theorem 3.4 are extensions of Theorem 5.5
and that Theorem 4.3 is a generalization of Theorem 5.5.
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